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OREWORD v 2

¢ A parallel project to my PhD,
¢ Virtual element method of order k with Robin’s Boundary condition,

¢ Application to a concrete problem.

My main PhD work
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DEL PROBLEM S

We consider,
u=u;+u

with u; the incident wave and u, the reflected wave. We have,

ui(x,t) = a;(x)e" and  u,(x,t) = a,(x)e""

with o = 27/T), the angular frequency and

2;(X) = amaxe ™ with  k = k(cos(f), sin(6))

with 0 the incident wave angle, a,.x the maximum wave amplitude. 4, is subject
to...
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DEL PROBLEM S

The Helmholtz equation: The Mild-Slope equation:
{Aa +ka=0, inQ, {V(c,,cgw) +KC,C,a=0, inQ,
+BC. +BC.
with
G=7 and Co=.G, 1 +kh1;‘:+zgdl)],

and the wave number k, solution of the dispersion relation:

2T

0% = gk tanh(kh) with o= =,
To

where To is the wave period and & the depth.
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DEL PROBLEM S

The Helmholtz equation: The Mild-Slope equation:
Aa+kKa=0, inQ, V(C,C,Va) +KC,C,a=0, inQ,
+BC. +BC.

* Works with a non-constant seabed,

¢ Works only with flat ¢ Area of validity: maximum slope of
bottoms, 1/3,

¢ Easy-to-calculate analytical ¢ Difficult to obtain an analytical
solutions. solution.
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2. Virtual Element Settings
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IRTUAL ELEMENT SETTINGS —

* Mesh Decomposition: Decomposition {T}}, of the domain  which is
shape-regular. /g the diameter of E, (xp, yp) the centroid of E.

[0} (e
* The standard scale monomial basis: 71, o, = <";;‘D> h (y ZgD) * with
ar+ap < k.
¢ Local Projections:
¢ Local elliptic projector: Hkv’E : HY(E) — P(E)

* Local L*-projector: 0 L2(E) — Py(E)
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IRTUAL ELEMENT SETTINGS . g
¢ Virtual Space:

vE = {vh € Hy(Q) N C%IE) : vp|pp € Pr(E), Avy, € Py(E)

(Hkv?)h Z)h,p) =0, Vp S Pk( )/Pk_z(E)}
* Local Degrees of Freedom:

Q@@

Figure 2: 2D element with @ : Summits dofs, B : Edges dofs, A : Inner dofs.

' 856 sciences
MUNTPE[LIERUIMESII‘IUEXMLENDF Montpetligr.




3. Robin Boundary Condition
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BIN bBOUNDARY CONDITION S —

1) VARIATIONAL FORMULATION

Helmholtz: Mild-Slope:
Aa+ka=0 , inQ, V(C,C.Va) +KC,C,a=0, , inQ,
a=—-a , onlp, a=-a; , onlp,
Oa . Oa .
%+zka:0 ,on Ty %—l—zka:O ,on Dy
a(u,v) :/ Auv+k2/ uv,
find u € V = H}(Q) such that ) ou
a(u,v) =0 YoeV, green / VuVo+k / wo+ Tpe 8_

/Vqu+k2/ uv—zk/ uo.
Bu/an——zku '
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J ¥

e V}, C Vis a finite dimensional

OBIN bOUNDARY CONDITION

1) VARIATIONAL FORMULATION - DISCRETE FORM

. space,
find uy € V) C V such that ° ap(-,-):Vy x V,, = Ris a discrete
ap(up,op) = 0 Yo €V, bilinear form approximating the

continuous forma( -, -).

ap(up,vp) = Z /EV(CPCgVuhv;,) + /EkZCnguhvh] ,

EeQy, -
~ Z AE/(Auh On) +BE/uhvh] ;
1/E [ CpCo=Ag Feoy, - E E
1/E [ K*CpCy=Bg
= Z —Ap / Vu,Vo, + Br / upvy — IpycE iAfp kuhvh] .
green E E T

Ou/on=—iku Ecty,
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OBIN bOUNDARY CONDITION

1) VARIATIONAL FORMULATION - GENERAL CASE

By expressing in the classical
shape functions basis:

ou

Au+kKu=0 , inQ),
O kxy)u=gxy) . onli, b= ([ Keyeyn)
Inf

ij

an(up, o) = /Vuhvvh+/k up, vy — kupo, ©= ( . k(xay)@i(x,y)>
IN; Inf

A with ®; the classical shape
functions of order k.

i

by(vy) = — g Sy
Inf

G
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OBIN bOUNDARY CONDITION —

2) ELEMENT PROPERTIES

Iy can be expressed as a sum of 1D elements defined by [§p, §o + A]

Vi—=Vl| =A
vy [[V1—Vol| y vy
1
Vi Vi 3
Axq, xS, Axg, AxQ A
k=1 k=2 k=3

Figure 3: 1D element [&y, &, + A] representation with
@ : Summits dofs, B : Edges dofs.

with x’éL the j — th Gauss-Lobatto quadrature point on [0,1].
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BIN bBOUNDARY CONDITION S —

3) EXPRESSION OF Bioc AND Gioc

On each [, §o + A element: Fori,j € [|0, k||
A N .
Bocm ([ Kel6o+ O0iO0000) Pilhigy) = 5.
0 0<i <k
A Using Lagrange polynomials:
oo ([ 8-le0+ O01)
0 0<i<k I S
so=Y g I S
® ;, pj are polynomials of order k, =0 1=0,1%] )‘xIGL — Axgp
k*(&) + 5) = k(VO +¢& 5/ 1 k ¢ A
G
° gulbo+6) =g(Vo+£8), = II #
* f: tangential unit vector (Vj to V7). 1=0,#i “GL  ~GL
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BIN bBOUNDARY CONDITION S —

4) COMPUTATION OF Bioc AND Gioc

Case: k = constant, g = constant :

On each [£, & + A] element: 1
A b=k [ GO d)

0<i,ji<k

A
Bioc= </o k(&0 + ) i(&)wi(§) df) o \e </1 500) d§> |
N 0 0<i<k
Groc= ( [ s+ 9 d/s)

O<isk ® ;: polynomials for a unit
element [y, & + 1],

¢ Exact integration with 4k - 3 GL
points,

¢ A single evaluation.

¢ Approximated using Gauss-Lobatto
quad of order 4k + 1.
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4. Numerical Results
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UMERICAL KESULTS

1) ANALYTICAL SOLUTION

We consider,

Au+ku=f(xy) ,

U = Uexact )

fley) = = (@02 + @iy +200+1)) -exple +iy?) + K - oxaa(x,y), T @ |72

Real Part Imaginary Part

. 36 36
in Q s
b 06 0.6 30
2s
onlLUI'sUT ot SR
2 3 4, 20 18
i,
0.2 16 0.2
12 06
on | 1 00 08 00 00
9y 00 02 04 06 08 10 00 02 04 06 08 10
\ \

Ou
= 4 iku=
o iku=gxy)
with: Eigure 4: Real and Imaginary part of
exact-
Uexact(X,y) = (x +y) - (1 +1) + exp(x* +iy?), s

g(x,y) = (1+1) + (2iy) - exp(x® + iy?) + ik - Uexact(X, ). Ty
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UMERICAL KESULTS Ry

2) CONVERGENCE OF ORDER O(Kt1)

Regular Triangle Irregular Triangles Irregular Quadrilaterals Polygons

107 ? s " ::: /// o "
= =
= |

kel w2 A - - e e ]

TEERE
N

TERRE

10! 107! = 10
Diameter h Diameter h Diameter h Diameter h

Figure 5: Convergence curves with different orders k and different types of elements
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3) INTEREST OF A ROBIN CONDITION

Au+kPu=0 , InQ,
U = —Uipnc , on FD s
ou +iku=0 onT
81’1 - 3 Inf-
or I NuMerics
Island
Au+ku=0 , InQ,
U= —Upnc , onlp,
ou
—=0 Tt
an s on 1 1pf

R

56

‘MONTPELLIER UNWERSITE DEXCELLENCE




UMERICAL KESULTS Ry

3) INTEREST OF A ROBIN CONDITION
Solving the Helmholz problem with a Robin condition on T¢
Problem conditions:

Incident field Reflected field Total field

4 é’?g 4 3‘5 o 4.8 13
® Amax = 1 m, 5] I 0.50 5 0.6 5] 'OOO.Q‘V\ 08
0.25 —~ 03 [ o8
° Tp=20s " o, = UCINE:, - o . mH
0=2US, M -3 2 AU T =
4 075 _4 -09 4] & 0 ' J -16
° 0 = 0 O_ -5 0 5 -5 0 s 2 -5 0 5 20
ncident field Reflected field Total field 16
41 0.75 4 0.9 49 1.2
5] I 0.50 5 0.6 2,""““\ 0.8
. . N ] 0.25 . - 0.3 . | 0.4
Points of interest: ° oas > o (UL JBRRIEoo, -~ o %0
-2 I —050 2 06 214 l ‘ ."‘ ' Ul -os
¢ Disturbance of the reflected ~ ~1 W i~ 055 1 LI
wave field. x x -

Solving the Helmholz problem with a Neuman condition on [iy¢
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5. Applications
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APPLICATIONS

1) PROBLEM CONFIGURATION

I'in
The Helmholtz or Mild-Slope
equation:
I'p V(C,C.Va) +KC,C,a=0, inQ,
a=0, in I, ,
%+lkﬂ:0, inI‘out,
on
Fout a=va; inT'p.
Port location Port boundary

‘966 sciences @
NONTPELLER UNERSITEDBXCELENCE Montpeiiss




PPLICATIONS

2) SLOPE SENSITIVITY, HELMHOLTZ VS MILD-SLOPE

Problem conditions:
® max =2Mm,
® Tp=8s,
° 0 =280°.

Points of interest:

¢ Eigenmode position.
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aJ
Solving the Helmholz problem.
Depth [m] Incident field Reflected field o Total field
0
y '.‘ 480 e
- o |ftes o &
- e O
- ® o
. e 30 el N
L .o
= |t -
200
00
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P | )
e 3.0
- 0
s
20 0 o 120 o 20 ] 120
Depth [m] Reflected field . Total wave field
- a0 =
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~/ - 2, e >
- 30 -
- — 0 360 >
P . o=
< o, 15 - -
200 s
00 .
-5
18 -30
3 0
24 5
20 6 10 220 ) 120 20 o 220 3 120

Solxving the Mild-Slope prob?em.




PPLICATIONS

3) REFLECTION COEFFICIENT SENSITIVITY «y

Problem conditions:
® Omax =1m,
° Tp=8s,
° 0 =280°.

Points of interest:
¢ Eigenmode position,

¢ Amplitude of reflected wave field.
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Solving the Helmholz problem with y=1
Incident wave field 100 Reflected wave field 2 Total wave field 16
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4) RESULTS AT DIFFERENT ORDERS k

Problem conditions:
® max =1m,
® Tp=8s,
° 0 =250°.

Points of interest:

¢ Eigenmode position.
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Solving the Helmholz problem with k=1

Reflected field Total field
480 22 a0
15
360 0o 30
03
- &
Incident field 20 (0 EYEE
10
0 10
120 120
06 16 SE
J 23
03 B B
01 o 6 w0 B
-0z Reflected field
RS 26 40
-06 4 18
08 30 L 30
1o 04
> 200 210
-04
11
120 120
-1e
26
o o
T 6 w0 P EL T S

x
Solving the Helmholtz problem with k=5
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